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ABSTRACT
The dynamics of multibody systems with many contacts

are frequently formulated as a Linear Complementarity Prob-
lem (LCP), for which several direct or iterative algorithms are
available to solve it efficiently. These formulations rely on dis-
cretized friction models that approximate the friction cone of
the Coulomb model to a pyramid. However, they produce rank-
deficient LCPs even though the physical problem does not have
constraint redundancy and has a unique solution. Here, a new
discretized friction model is presented which results in an LCP
formulation with a full-rank lead matrix. This model relies on an
inertial term to couple the equations of the model, which behaves
as close to the Coulomb model as the other discretized models.
Moreover, it is shown through some simulations that some al-
gorithms can be used with this formulation, which could not be
used with the other rank-deficient LCP formulations.

INTRODUCTION
The dynamics of multibody systems with contacts presents

some well-known challenges, especially when it involves fric-
tional contacts. If friction is neglected, the representation takes
the form of a linear complementarity problem (LCP) [1], for
which the existence of solution is guaranteed [2], and several di-
rect or iterative solution algorithms are available in the literature.
However, considering friction in contacts using the Coulomb
model turns the formulation into a nonlinear complementarity
problem (NCP), for which nonlinear optimization techniques

need to be used [3], and the existence of solution is not always
guaranteed.

Several friction models have been proposed to approximate
the Coulomb model so that the model can take the form of
an LCP [4–7]. These models are based on the discretized (or
faceted) friction cone, which turns the nonlinear inequalities of
the original model into linear ones by choosing a finite number
of directions in the tangent plane. As a result, this discretized
model approximates the friction cone with a pyramid (or faceted
cone). It is worth mentioning that this issue is only related to
the contact points that are not sliding, because the static friction
force is confined to the friction cone; whereas the kinetic fric-
tion force is defined by a constitutive relation and it is possible
to formulate an LCP [4].

Generally, the Coulomb model can be discretized using two
different approaches: discrete force or discrete acceleration. The
former parametrizes the friction force with non-positive compo-
nents associated with the set of directions defined on the tan-
gent plane, which are used to define the complementarity con-
ditions with the tangent acceleration vector [5, 6]; while the lat-
ter parametrizes the acceleration with non-positive components
to define the complementarity conditions with the static friction
saturation along each direction [4]. The size of the problem to
solve is very similar in both cases, and they can behave the same
for certain sets of chosen directions. A common characteristic of
these models in multibody system formulations is that the lead
matrix of the LCP is rank deficient, even though there is no re-
dundancy in the contact forces of the system. This is due to the
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use of more than two non-independent directions in the tangent
plane, and so it is an artifact of the model.

Several algorithms to solve LCP problems are available in
the literature. Direct or pivoting methods are based on the
simplex methods, such as Lemke, Murty, and Júdice and Pires
[8–10]. However, most of these methods require a non-singular
lead matrix to solve the LCP. Here, a new discretized friction
model is proposed to approximates the Coulomb model, so that
the formulated LCP has a full-rank lead matrix.

Unfortunately, the existence of a solution for the dynamic
equations with Coulomb friction (i.e., forces and acceleration) is
not guaranteed under some circumstances [11]. That is why the
time-stepping is usually embedded in the equations, so that a so-
lution always exists for impulses and velocities [5–7]. The LCP
presented here with the new friction model has been formulated
at the velocity level, and also compared with other formulations
for multibody systems with contacts.

CONTACT MODEL
For each pair of surfaces in contact, the contact force com-

ponents are arranged as follows

λc =

[
λn
λt

]
(1)

where λn is the normal contact force and λt = [λt1 λt2]
T are the

two components of the friction contact force. In this section, the
model for contacts with friction is presented and the contact force
is defined for one contact point.

Normal Force
The normal contact force is assumed to be non-negative,

λn > 0 (2)

and is usually defined as a kinematic constraint force, where the
gap function φ is the constrained distance. This determines the
distance between each contact pair, and so it has to be zero if the
contact is established and positive when it detaches, therefore

φ > 0 (3)

In addition a complementarity condition between the contact
force and the gap function is needed to make sure that no force
is applied when the contact is detached, then

λnφ = 0 (4)

This condition can also be applied to the normal velocity
and acceleration of the contact point φ̇ and φ̈ , so that it can be
introduced into the dynamic equations easily.

Friction Force
The Coulomb friction model is characterized by two phases:

static and kinetic. In the static phase, friction acts as a constraint
force with a maximum value, while in the kinetic phase, the force
value only depends on the normal force and it opposes the sliding
direction.

For the static friction force, let us define k different direc-
tions in the tangent plane, so that the friction saturation σ asso-
ciated with the upper and lower bounds for each direction are

σup j = µsλn− eT
jλt > 0 (5)

σlo j = µsλn + eT
jλt > 0 (6)

where µs is the static friction coefficient, and e j is the unit vector
of the j-th direction.

If the static friction force is defined as a constraint force,
the friction saturations must be complementary to the tangential
acceleration component towards the opposite direction, so that
the contact point can only transition to sliding if the friction force
reaches the bounds. Let the tangent acceleration be

u̇t =
k

∑
j=1

(
κup j e j−κlo j e j

)
(7)

where κup j > 0 and κlo j > 0 are the acceleration parameters
pointing to the positive and negative directions of e j, respec-
tively. The complementarity conditions are

σup j κlo j = 0 (8)

σlo j κup j = 0 (9)

However, the above definition of the friction saturation leads
to an LCP with a rank-deficient lead matrix [4], because two
bounds are defined for the same direction. Here, we propose
a new definition for the friction saturations, which produces a
full-rank LCP,

σ̃up j = µsλn− eT
jλt +ρκup j > 0 (10)

σ̃lo j = µsλn + eT
jλt +ρκlo j > 0 (11)

The novelty of this model is the addition of the phantom
inertia ρ into the equations, which does not change the dynam-
ics of the contact model, but it adds some extra information into

2 Copyright c© 2017 by ASME



e j

j

σ loj

μλn

Coulomb 
model 

Discretized
model 

t

e j
T

t
x

y

FIGURE 1. DISCRETIZED FRICTION MODEL (STICKING).
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FIGURE 2. PHANTOM INERTIA IN STICK-SLIP TRANSITION.

the equations and makes the lead matrix of the LCP full rank.
The complementarity conditions make sure that force and accel-
eration will never point to the same direction, even though this
inertial term is used.

It can be shown that a solution where both parameters κup j
and κlo j are positive is not possible, no matter how big ρ is.
When the friction force reaches a bound, only the acceleration
pointing to the opposite direction will be positive; and when
the friction force is within the bounds of that direction, i.e.,
|eT

jλt| < µλn, the two parameters κup j = κlo j = 0, see Figure 1.
The inertia ρ only makes the friction saturation of one bound
larger, in case the sliding starts in the opposite direction, and
thus it does not influence the stick-slip transition, see Figure 2.

The kinetic friction force is defined as

λt =−µkλnet (12)

where µk is the kinetic friction coefficient, and et = ut/‖ut‖ de-
fines the sliding direction.

MULTIBODY FORMULATION
Let q be the p×1 array of generalized coordinates, and v a

set of n generalized velocities of a multibody system, such that
q̇ = Γv, where Γ(q, t) is the p×n transformation matrix. Then,
the dynamic equations are

Mv̇+ c = fa + fb + fc (13)

where M(q) is the n× n mass matrix, c(q,v) is the n× 1 array
containing the Coriolis and centrifugal terms, fa are the gener-
alized applied forces, fb are the generalized bilateral constraint
forces, and fc are the generalized contact forces.

The bilateral holonomic constraints are arranged into the
m×1 array Θ(q) = g(t) and defined at the velocity level as

ub = Θ̇= Jbv (14)

where Jb(q) = ∂Θ
∂q Γ is the m×n constraint Jacobian matrix, and

u(q, t) is a m×1 array of given functions, which are usually equal
to zero. The generalized bilateral constraint force is then fb =
JT

bλb, where λb is the m×1 array of Lagrange multipliers, which
represent the constraint forces and moments.

The gap functions of all the contact points are arranged into
the r× 1 array Φ(q), and the normal separation velocity can be
expressed as

un = Φ̇= Jnv (15)

where Jn(q) = ∂Φ
∂q Γ is the r×n contact Jacobian matrix.

The tangent plane of each contact point is characterized us-
ing two orthogonal directions, in which the components of the
sliding velocity at the contact points can be expressed as

ut = Jtv (16)

where Jt(q) is the 2r×n friction Jacobian matrix. Therefore, the
generalized contact force is

fc = JT
nλn +JT

t λt (17)

3 Copyright c© 2017 by ASME



where λn contains the r normal forces, and λt contains the 2r
components of the friction forces.

If a contact is sticking, the friction saturations in
Eqns. (10) and (11) can be arranged in a matrix form, so that
the 2 arrays of ki friction saturations of the i-th contact point are

σ̃upi = µiλni −ET
i λti +ρiκupi > 0 (18)

σ̃loi = µiλni +ET
i λti +ρiκloi > 0 (19)

where µsi
= [ µsi · · · µsi ]

T are the friction coefficients, ρi =

diag(ρi, . . . , ρi) are the phantom inertias, Ei =
[

e1 · · · eki

]
are

the components of the unit vectors of the directions used in the
tangent plane for the discretized friction model, and κupi and κloi

contain the components used to parametrize the tangent acceler-
ation

u̇ti = Eiκupi −Eiκloi (20)

Otherwise, if a contact point is sliding, the kinetic friction
force in Eqn. (12) gives a generalized contact force

λci =
(
JT

ni
−µkiJ

T
ti eti
)

λni = JT
ci

λni (21)

which allows the dynamic equations to formulate an LCP [4].
This expression of the generalized force Jci 6= Jni is due to the
Coulomb model, however, it may compromise the existance of
solution of the LCP [4]. In some cases, the dynamic equations
of rigid body systems under Coulomb friction can have no solu-
tion, or even multiple solutions; which gave rise to the Painlevé
paradox [11].

Nevertheless, this friction model can be used in a time-
stepping formulation at the velocity level, as it is shown below.
This kind of formulations was proven to always have a solu-
tion [5, 6], because the Coulomb model is physically based. Al-
though there is no solution for the forces and the acceleration of
the system at a singular instant of time, there is a solution for the
velocity at following instants and for the impulse developed by
the contact force along time.

TIME-STEPPING
For the velocity-level formulation, a finite difference ap-

proximation is used to introduce the velocities into the equations,
so that the unknown acceleration is

v̇+ =
v+−v

h
(22)

where v+ is the unknown velocity, and h is the time-step size.
The superscript + denotes the unknown variables at each time-
step, while the others are known or are computed using known
values.

Similarly, the configuration of the system is updated at the
end of the time-step as follows

q+ = q+Γ(q)v+ (23)

Multibody Formulation
Equation (13) can be written in terms of the unknown veloc-

ities as

Mv+−Jbhλ+
b −Jthλ+

t −Jnhλ+
n = b0 (24)

where b0 = Mv− c+ fa, the mass matrix M, and the Jacobian
matrices J, are computed using the known configuration q and
velocity v at each time-step. Also, the bilateral constraints in
Eqn. (14) become

u+
b = Jbv+ = 0 (25)

Contact Model
The unilateral constraints (i.e., contacts) are written at the

velocity level as

u+
n = Jnv+ > 0 (26)

which are complementary to the contact forces λ+
n > 0 therefore,

u+ni
λ
+
ni
= 0 ∀i = 1 . . .r (27)

A velocity threshold is used to determine if a contact point is
sticking, and it is the case if ‖uti‖< vs, which means that uti ≈ 0.
Additionally, from Eqn. (20), the unknown tangential velocity of
the contact point can be expressed as

u+
ti = Jtiv

+ = Eiw+
upi
−Eiw+

loi
(28)

where w+
upi

= hκupi > 0 and w+
loi

= hκloi > 0 parametrize the tan-
gential velocity in each direction. Then, the friction saturations
in Eqns. (18) and (19) are written in terms of the impulses and
the unknown sliding velocity

hσ̃+
upi

= µihλ
+
ni
−ET

i hλ+
ti +ρiw+

upi
> 0 (29)

hσ̃+
loi

= µihλ
+
ni
+ET

i hλ+
ti +ρiw+

loi
> 0 (30)
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which, according to Eqns. (8) and (9), are complementary to the
velocity parameters w+

loi
> 0 and w+

upi
> 0, respectively.

If the contact point is sliding (i.e., ‖uti‖> vs), one option is
to parametrize the sliding velocity using the sliding and lateral
directions

u+
ti =

[
eti eli

]
w+

upi
−
[

eti eli
]
w+

loi
(31)

where eti and eli are the unit vectors of the sliding and lateral
directions, respectively, and w+

upi
and w+

loi
are the parameters

of the sliding velocity. Then, the friction force can be defined
component-wise as

eT
tiλ

+
ti =−µkiλ

+
ni

(32)

eT
liλ

+
ti = 0 (33)

so that the force follows the Coulomb law of Eqn. (12).
However, there are two main problems that can arise when

using the above definition for the kinetic friction force. On the
one hand, applying the friction force based on the known sliding
velocity uti may compromise a slip-stick transition and produce
an oscillation of the contact point about zero velocity. Therefore,
if the applied kinetic force is so large that it would make the slid-
ing velocity change to the opposite direction, a slip-stick transi-
tion has to happen and the friction force needs to make the sliding
velocity equal to zero. This can be accomplished by defining two
friction saturations similarly to the ones in Eqns. (30) and (29) for
the sliding and lateral directions, but using

Ei =
[

eti eli
]

and µi =

[
µki

0

]
(34)

so that they become Eqns. (32) and (33) if the component along
the sliding direction wupi > 0.

On the other hand, not applying a force in the lateral direc-
tion allows the sliding velocity to change in that direction, and so
the misalignment between force and velocity may become sig-
nificant and even induce some vibrations in the system. That is
why, some authors have used the same approach as for the static
friction and define ki directions in the tangent plane, and fric-
tion saturation for each. However, this increases the size of the
system unnecessarily if the sliding velocity is very large, because
the the friction force would not change much the direction. In the
next section, an alternative approach to reduce the misalignment
will be shown by using a force regularization without increasing
the system size.

LINEAR COMPLEMENTARITY PROBLEM (LCP)
To formulate an LCP, Equation (24) together with the con-

straint Eqns. (25) and (26), the tangent velocity Eqn. (28) and

the friction saturation Eqns. (29) and (30), are arranged in the
following matrix for

M −JT
b −JT

t −JT
n 0 0

Jb 0 0 0 0 0
Jt 0 0 0 −E E
Jn 0 0 0 0 0
0 0 ET µ 0 ρ
0 0 −ET µ ρ 0




v

hλb
hλt
hλn
wup
wlo



+

+d =


0
0
0
un

hσ̃lo
hσ̃up



+

(35)

where E = diag(E1, . . . , Er), µ = diag(µ1, . . . , µr), ρ =
diag(ρ1, . . . , ρr), and the complementary variables are

λn > 0 compl. to un > 0 (36)
wup > 0 compl. to σ̃lo > 0 (37)
wlo > 0 compl. to σ̃up > 0 (38)

which formulate an LCP via eliminating the variables v̇, λb and
λt, using the Schur complement.

The role of the square diagonal phantom inertia matrix ρ is
clearly shown in Eqn. (35). Due to the use of dependent direc-
tions to discretize the friction cone, the two last block columns of
the lead matrix would be linearly dependent. However, the dis-
crete friction model proposed here gives rise to a full-rank LCP
formulation, by coupling the friction saturations without chang-
ing the dynamics of the system. If the contact forces are not
redundant, the normal and friction contact Jacobian matrices are
full-rank, and so is the lead matrix. Nevertheless, if the system
presents redundancy, some physics-based techniques (e.g., con-
straint relaxation) would be required to solve the dynamic equa-
tions and determine the contact forces.

Constraint Relaxation
In case that the system presents redundancy, the constraints

can be relaxed, so that the dynamic equations can be solved. This
is done by introducing the so called relaxation terms in some
diagonal elements of the LCP lead matrix, which becomesM −JT 0

J ε H
0 −HT N

 v
hλ
w̃

+

+d =

 0
ũ

hσ̃

+

(39)

where ε is a diagonal matrix containing the relaxation terms.
When relaxing the constraints, the elements in the vector d
change, and so does the meaning of the velocities w̃ and ũ.

For each constraint force (i.e., bilateral constraint, and nor-
mal and friction constraint forces), a relaxation term can be de-
fined as [7, 12]

εi =
(
kih2 +bih

)−1
(40)
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where ki and bi are the stiffness and damping associated with the
constraint, respectively. In addition, the terms

di = εihkiδi−ui (41)

where δi and ui account for the position and velocity violation
of the constraint. For the bilateral constraints, δi = θi− gi and
ui = ġi, from Eqn. (14). For the normal contact force, δi = φi, the
gap function, and ui = 0.

On the other hand, the friction force can also be regularized
using a linear stiffness and damping by following a bristle model
approach [12, 13]. In such a case, the relaxation term has the
same expression as the one above, and the terms in d for both
directions in the tangent plane are

di =−εih(λti +biuti) (42)

where λti and uti are the friction force and tangential velocity
from the previous time-step, respectively.

Moreover, as mentioned before, the misalignment between
the sliding velocity and the kinetic friction force can be reduced
via a force regularitzation in the lateral direction [12]. To do
so, the directions defining the sliding velocity need to be aligned
with the sliding and lateral direction, so that the elements de-
fined in Eqn. (34) are Ei = I, the 2× 2 identity matrix, and
µi = [µki µki ]

T. Then, the relaxation term for the lateral direc-
tion is

εli =
uti

µkiλtih
(43)

where λni and uti = ‖uti‖ are the normal force and sliding veloc-
ity from the previous time-step.

EXAMPLE
In order to compare the velocity-level formulation with other

existing formulations, a cube-shaped rigid body has been simu-
lated. Initial conditions have been given to the system so that it
slides on a fixed flat ground for a while until it stops, see Fig-
ure 3. To model the contact, four contact points at the vertices
have been considered. Table 1 shows the system properties.

The formulations used to compare the results are the An-
itescu and Potra (AP) [6], the Box friction model [7], and the
Hybrid regularized friction model [12]. Figure 4 shows the tra-
jectory of the centre of mass of the body, and as it can be seen all
of them show the same behaviour. In [12], it was shown that the
Hybrid model had significantly less error than the other existing
formulations, compared to the Coulomb friction model. For the
example presented here, the trajectory of the proposed model is

TABLE 1. BOX ON THE GROUND EXAMPLE PROPERTIES.

Body

Mass m 1 kg

Side Length l 1 m

Initial conditions

Velocity of the CoG vy 5 m/s

Angular Velocity ωz 2π s−1

Contact Parameters

Stiffness kn 1010 N/m

Damping bn 108 Ns/m

Friction Parameters

Friction Coefficient µ 1

Stiffness kt 108 N/m

Damping bt 105 Ns/m

Velocity Threshold vth 0.001 m/s

x
y

z

yv

zω

horizontal plane

FIGURE 3. BOX ON THE GROUND EXAMPLE.

the closest to the Hybrid model, and thus, closer to the Coulomb
model than the others.

The method used to solve the LCP depends on each formu-
lation. AP formulation can only be solved using Lemke’s algo-
rithm [6] because the lead matrix is rank-deficient. On the other
hand, others have been solved with the algorithm proposed by
Júdice and Pires [10], because it can deal with mixed LCPs. This
method can only deal with full-rank LCPs, and it has been used
with the new formulation to show that it is full-rank thanks to the
friction model proposed here.

It is worth mentioning that, in all the formulations, the tan-
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TIME-STEP SIZE: 10 ms (LEFT), 1 ms (RIGHT).

gent plane is discretized by two orthogonal directions, which is
the only option for the Box and Hybrid formulations. Neverthe-
less, many directions can be used to define the tangent plane in
the other formulations, which would result in a better approxi-
mation of the Coulomb model. It has been noticed that the for-
mulation proposed here shows some problems when using block-
pivoting algorithms (e.g., [10]) if more than two directions in the
tangent plane are used. The pivoting step might try to solve a
rank-deficient system if many variables are pivoted at the same
time. However, there are no issues when solving it with single-
pivoting algorithms, such as Lemke’s.

As expected, the phantom inertia introduced in the friction
model has not shown any significant effect on either the dynam-
ics or the performance of the simulations. However, it is highly
recommended not to use very small values, so that the matrix
does not become ill-conditioned. For the system at hand, the
LCP becomes rank-deficient for values of ρ < 10−8 kg.

CONCLUSIONS
The velocity-level formulation proposed here has a similar

performance compared to the other existing LCP-based formu-
lations, but it approximates the Coulomb model better than the
other existing formulations. Moreover, the bounds of the static
friction force are coupled with the normal force, which is not the
case in other formulations.

In addition, since it has a non-singular lead matrix, any al-
gorithm available in the literature is able to solve it. However,

especial attention needs to be paid when defining many direc-
tions in the tangent plane to discretize the friction model if block-
pivoting algorithms are used.

As the main novelty of the model, the inertial terms added
to the friction model have shown to be very effective in aug-
menting the rank of the LPC lead matrix, while keeping a similar
behaviour of the model compared to other discretized friction
models.
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